Chap 4. Geometric Objectsand
Transformations



3D CG

Objects :

Light :

Camera:



4.1 Scalars, Points, and Vectors

1.
2.

3.
4,



Geometric View

e scalar : areal number 0.27
e point:locationinspace (0.27,0.35, 0.19)
— position . hosize

vector : direction + magnitude
— = directed line segment

— vector = point — point

— point = point + vector /
— Vector = vector + vector /




Mathematical View : Space

e vector space:

scalar, vector

— scalar-vector multiplication
— vector-vector addition
— vector = sum of basis vectors

o affine space:

point

— vector-point addition
— point-point subtraction

e Euclidean space:

distance




Computer ScienceView

 ADT : abstract data types
— C++/ Javaclass
— , ADT

« weneed theoperations.
—scaar: o, B,y

— point: p,q,r ( P, Q,R)
— Vector: u, v, w



Operations

e magnitude of avector

[v] = \/vf +Vy V2

jav| =la v

e Vvector-point relationship

v=P-Q
P=v+Q P
e point-point subtraction
P2R Fz2Q
V+u=(P-Q)+(Q-R)=P-R Q

Q2R

{a) (b)



Lines

 line: point, vector
— parametric form
P(a) =R, +ad
— affineform
P=Q+aVv
v=R-Q
P=Q+a(R-Q)=aR+(1-a)Q

0£1+052 :1




Convexity
e convex object
— Object 2

obj ect obj ect

npoints: B, P, P, -+, P,

P=0[1Pl+052p2 +"‘+anpn
a1+a2 +"'+an :1
a; >0,i=12,n

. . shrink wrapping




Product

(ot product :
u-v =|u||v|cosé = u,v, +u,v, +u,V,

— orthogonal : dotproduct O 2 vector

u-v=0 = uandyv areorthogona
e Crossproduct :

" ;
UxV=U, U, U,
Ve Vyo V,

Y

¥

ux v|=|u||v||sing|

e right-handed coordinate system —/



Planes

e parametric form
— line equation

T(a,f)=PBy+au+ pv
* plane equation

n=uxV: normal vector
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4.2 Three-dimensional Primitives



Boundary Representation

» three-dimensional objects

. Qgﬁo
Qg S

curves surfaces volumetric objects

p(t) = (x(t), y(t), z(t)) f(xy,2)=0

s(u,Vv) = (x(u,Vv), y(u,v), z(u,v)) g9(x,y,2)=0
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Boundary Representation

 What isthe efficient way of representing 3D objects ?

- (surface)
- (vertex)
- flat convex polygon

= B-rep (boundary representation)
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4.3 Coordinate Systems and Frames



Coordinate System or Frame

coordinate system : basis vector
frame : reference point (= origin)

— basisvectors: vy, V,, Vs,
— reference point : P,

vector : v,
W=a1V1+a2V2 +0£3V3 :[al 0!2 063] V2

point : | V3]

P=Fy+mVi+n,V,+1m3V,

V=0,V + oLV,

|
[ S ——
1 1
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Coordinate Transform

e original basisvectors v, V,, V4
e new basisvectors
* mapping
U =711V1t712Vo +713V3
Uy =701Vit 722V t)23V3

Uy Y11 Y12
U, Vo1 V2
Uz | V31 732
w=[8 B S

Uz =731V t73Vo +733V3

7/13_
V23

V33 |

Uy, Uy, Ug

\Z1 Vi
| V3 | | V3 |
= [ﬂl ,32 ﬂs]M

= [051 %, 053]




Homogeneous Coor dinates

e vector:3x 3matrix coordinate transform

e point
P=mVy+m,V,+1n3V3+Hy
— transform ?
o 4 x 4 matrix : homogeneous coordinate
vy
Vo
P=mvi+mpVo+ngVa+Ro=lm m2 m 1|
3
R

W=051V1+052V2 +C¥3V3 2[061 0(2 053 O]
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Coordinate Transform : Point

 origina frame vy, v,, v, P,
« newframe  uy, U, Uy Q,
e Mmapping

P=a,vi+a,V,+a3V3+PFy inorigina frame
= fUs+ BoU, + BaUs +Qq  Innew frame

Uy = 711V1+ 712V +713V3 V11
Uy = Y21V +YooVo+Yo3V3 M = V21
Uz =7Y31V1tY3pVot+)33V3 V31
Qo=rmVityapVat+ygVst Ry | Va1
_u1_
U,
w=lp B B2 Y =B B Ba M
3
| Qo |

V12
V22
V32

V42

71z O
Y23 O
ya3 O

1

V43

:[051 Oy Q3 1]

- 18



Framesin OpenGL

e two transform matrices
object frame = world frame gIMatrixMode(GL_MODELVEIW)
world frame = camera framegiMatrixMode(GL_PROJECTION)

glMatrixMode(GL_MODELVEIW)

A

world frame

glMatrixM ode(GL_PROJECTION)‘/

cameraframe

camera object frame
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4.4 Modeling a Colored Cube



Modeling a Cube

e vertex

GLfloat verticeq 8][3] ={

{-1.0,-1.0,-1.0},
{10,-10,-1.0},
{10,1.0,-1.0},
{-1.0,10,-1.0},
{-1.0,-1.0,1.0},
{10,-10,1.0},
{10,1.0,10},
{-1.0,10,1.0}

/10
N1
/2
I3
II4
I1'S
/16
17
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Modeling a Cube

« face
glBegin(GL_POLY GON);
glVertex3fv(verticeq 0]);
glVertex3fv(verticeq 3]);
glVertex3fv(verticeq 2)]);
glVertex3fv(vertices 1));
glEnd();

e outward facing
— normal vector
— right-hand rule

22



Data Structure

o vertex-list representation
-1 vertex 3 face
— list ‘index  vertex  share

Palygon Faces Vertex lists Vertices

7] B

Lo ¥o

o L2 |

= | | ) ©

X

¥

—h..
e

) Loy Ko
— -
_-..

mE|S|0| e

&

¥y

e e

3 | G2 | =1 |jea




Color Cube

e vertex color
GLfloat colorg[8][3] ={
{0.0,0.0,0.0}, // black
{1.0,0.0,0.0}, //red
{1.0,1.0,0.0}, //yellow
{ 0.0,1.0,0.0}, // green
{ 0.0,0.0,1.0}, // blue
{ 1.0,0.0, 1.0}, // magenta
{1.0,1.0,1.0}, // white
{00,10,10} //cyan

b




Face

void quad(inta, int b, intc, intd) {

glBegin(GL_POLY GON);
glColor3fv(colordal);
glVertex3fv(verticeq a));
glColor3fv(colorgb]);
glVertex3fv(verticeg b]);
glColor3fv(colorgc]);
glVertex3fv(verticedc));
glColor3fv(colorgd]);
glVertex3fv(vertices d]);

glEnd();

}

[* face */

void colorcube(void) {
quad(0,3,2,1);
quad(2,3,7,6);
quad(0,4,7,3);
quad(1,2,6,5);
quad(4,5,6,7);
quad(0,1,5,4);
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Bilinear Interpolation

« face vertex

— face ?
 bilinear interpolation

— edge . linear interpolation

Cola)=1-a)Cy+aC
Cr(@) = (1-2)C, +aCy

— face : linear interpolation
Cus(B)=1-p)Cy+ BCs
— ! flatness
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Scan-line I nter polation

o flatness
— polygon screen  project ,
— bi-linear interpolation

~
22
£ e
" » | Scan line“'4
1
"I

cop
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Vertex Array

e Object draw bottleneck ?
-1 vertex 3 :
— vertex ; 3 x4hbyte/float =12 bytes
— color :R,GB3 x4byte/float =12 bytes
— face 4 x 24 bytes = 96 byte

. ?

— client-server model
— vertex . color server
— Index

28



Vertex Array

e enablethe vertex array
glEnableClinetState(GL_VERTEX_ARRAY);
glEnableClientState(GL_COLOR_ARRAY);

e color, vertex array
glVertexPointer(3, GL_FLOAT, O, vertices);
glColorPointer(3, GL_FLOAT, O, colors);

o void glVertexPointer(GLint size, GLenum type,
GLsize stride, const GLvoid* pointer);

— size: (2,3,4)
— stride: byte (O: tightly packed)
— pointer :

29



Vertex Array

e |ndex : 24 indicesfor 6 faces
GLubyte cubelndiceq 24]={ 0,3,2,1, 2,3,7,6, 0,4,7,3,
11216151 41516171 0111514 } ;
. draw

glDrawElements(GL_QUADS, 24,
GL_UNSIGNED BY TE, cubelndices);

 void glDrawElements(GLenum mode, GLSsizei count,
GLenum type, const GLvoid* indices);

— mode : GL_POLYGON, GL_QUADS, ...
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4.5 Affine Transfor mations



Transformation

e transformation (= transform)

— point / vector = point / vector
mapping
 affinetransformation
— linear function

— homogeneous coordinate

Q11 Qo Qi3 O || Py
Oy Oy Qp3 0Oyl P2

O3z Oz Q33 O34 || P3
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Affine Transformation

— linearity . line  transform
— pardlel  line transform
— angle preserving :

line
parallel

33



4.6 Rotation, Trandation, and Scaling



Trangation

e trandation:

P'=P+d

35



Rotation

o 2D rotation ( )

e 3D rotation f
— afixed point + aline:
— rotation angle : .

X | cosfd —sSnd || X
y'| |snd cosd ||y

36



Scaling

— (00

—0O<ax<l:
—a>1:
— o < 0: reflection

i
\su_a
ﬂ:/'?
5 | K
i i

reflection
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Rigid-body Transformation

* rigid-body transformation : object
— . trandation, rotation

« non-rigid-body transformation : object
— :scaling

{a) {b) \' ;
rigid-body transformation Y

non-rigid-body transformation

38



4.7 Transformationsin Homogeneous
Coordinates



Trangation

° p’:
o
p=|”,
Z
_1_
e trandation
p'=Tp

T(ax1ay’az) =

point,

o O O Bk

o O+ O

o » O O

P -

Q
<

K
<

Q
N

=

R N < X

point

o O O B+

o O +» O

© r»r O O




Scaling

p'=Sp y
s 0 0 O |
O g, 0 O
S(:B ’:B 118 ): y
X y y4 O O ,BZ O ’, /»” B
0 0 0 1
1 1 1
S By By By) =S(—,—,—)
e By Py P

Y4

a,=a,=a, = Uniform scaling

Otherwise, non - uniform scaling
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Rotation, 2D vs. 3D

e rotation:
— 2D i xy , Z
— 3D :

42



rotation

e Z-axisrotation

— 2D

(X'| [cos®@ —-snd 0 Of[x
y'| [sn@ cos¢ 0O Of|y
Z| | 0 0 1 0||z
1] | 0 0 0 1][1

43



rotation

e X-axisrotation p'=R,(6)p
o o y
X| 1 O O O X A
y'| |0 cos¢ -sind Of|y
Z| |0 snd cos® 0|z
1| [0 O 0 1|1 /\&X
-4k . p
e y-axisrotation p'=R,(@)p y
x| [cos®# 0O sing O] ][x] L
y'| 0 1 0 0|y
Z| |-sin@ 0 cos® 0Of|z /\X
1] | 0 0 0 1|1 £




Rotation

e inverse
R1(0) =R(-0)
R™(©)=R"(0)

(cosd —-sind 0 O
snd cos¢d 0O O
RX(H):

0 0 1 O

0 0 0 1]
[ cosf sSnd
~ —singd cosé
R (0) =R, (0) = ) )
0 0

o O O
— O O O




Reflection

e xyplane: (X,v,2 - (X,VY, -2

RF, =

o O +» O
|
=
o

N
o O O B

e yzplane: (X,V¥,2 - (XY, 2)
o zxplane: (X,v¥,2 - (X,-Y, 2
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Shearing

e Z-axis shearing

X'=X+ycotd |

y'=y _
7=7 /
(1 cotd O O] :
0 1 0 0
H. (0) =
«(0) 0O 0 10
0 0 0 1]

H' (6) _H «(=0)
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4.8 Concatenation of Transformations



Matrix Concatenation

* matrix
— , transformation
q - C B A p p—_ A B
q=(C(B(Ap))) '
. . point
— graphics package

M=CBA
q=Mp p—-

CEBA

_h-.

transformation

—-
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Example: Rotation about aline

« fixed point P
Z line

(a) (bl
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Example: Rotation about aline

M=T{p;:;)R,(O)T(-p¢)

cosf -sinfd 0 X; —X; COSO+ Yy, Sind |
M — sind cosd O y;—X;Snd+y; cosl
10 0 1 0
0 0O O 1 |
¥ . Y ¥ &
) b
: Py
r‘ | l -f"r
| — - —- — -

/

VadiV Al
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General Rotation

e 72, VY, X o, B,y
M :Rx(y)Ry(/B)Rz(a)




| nstance Transformation

 Object transformation
— scale, rotate, trand ate

M :T(pf)Rx(?/)Ry(ﬂ)Rz(a) S(Sx’sy’s’z)

A A
| -
'. 1
- - -
S
M=TH5{ *H
| |
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General 3D Rotation

H

Tranglate the object so that
the rotation axis passes
through the origin.

Rotate the object so that
the rotation axis coincides

with one of the coordinate axis.

Perform the specified rotation.
step 2 R
step 1 T

rotation

1
1
1
1
1
/

(Xz’ Yo 22)

1
1
1
1
1

u/
(X, Y1 2)

\X
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Step 1. Trandglation

(Xz’ Yo 22)

o O +» O

u:
0 —X |
0 -y
1 -z
0O 1
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Step 2. align u with z-axis (1/3)

u'-u, =|u'l||u, | cosa

u-u, C
COSQ = — =—
|uflu, | d
T R
1
. b
Sha =—
d

R, ()

56



Step 2. align u with z-axis (2/3)

Y (s

u'=(a,0,d) 7

U, =u, [ulu, |sin 8

=u,sin
cos 3 = Up Sns
lu™|lu, | Ue Uy U
f % a 0 d
O 0 1

u'xu,=u,-(-a)

snpf=-a

R,(F)=

o O +»r O

57
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Step 2. align u with z-axis (3/3)

—u Z-axIs
d 0 —a 0][L 0 0 O]
01 0 0[|0 ¢/d —b/d O
R R _ .
ARLD=1 6 4 oo bd od o
00 0 1/[0 0 0 1

- Ry(ﬂ)'Rx(a)
o Rx—l(a).Ry—lcb’)
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Step 3. Rotate about z-axis

Y
&
/ X
Z
(cos® —-sind 0 O
sng cos¢d O O
R,(0) =
0 0 1 0
0 0 01
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Step 4, 5.

+ stepd R (a)-R,(B)
* Step5 -I-_1

R(@O)=T" R (a) R (8) R,(0) R, () R,(a) T
P'=R(0)-P

60



4.9 OpenGL Transformation
Matrices



CTM

 current transformation matrix : OpenGL

R — VR e
Sh— —=  CTM - ——
object frame
world frame
cameraframe
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OpenGL CTM

e 2 matrix
— model-view : world frame (affine)
— projection : camera frame (non-affine)

vertex camera — C projection C modelview VE tex object

Vertices Vertices
——— Mudel—ﬁewll—-r Projection ——————=
i | - -

CTM

63



CTM

e matrix glMatrixMode(GL_MODELVIEW);
C= Cprojection or Cmodelview

e Cc| gl L oadl dentity( );

e C«CT gl Trand atef(tx, ty, t2);

e« C«CS gl Scalef(sx, sy, s2);

« C«CR glRotatef(degree, VX, vy, Vz);

e CeM olLoadMatrixf(matrix);

e« C« CM glMultMatrixf(matrix);

. matrix glPushMatrix( );

. matrix glPopMatrix( );
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Example : Spinning Cube

* register 3 callbacks iInmain(...)
glutDisplayFunc(display);
glutldleFunc(spincube);
glutM ouseFunc(mouse);

* mouse callback : button ,
static GLint axis= 2; // z axis
void mouse(int btn, int state, int X, inty) {
If (state==GLUT_DOWN) {
If (otn==GLUT _LEFT BUTTON) axis=0; //xaxis
if (btn==GLUT_MIDDLE BUTTON) axis=1, // y axis
If (btn==GLUT_RIGHT_BUTTON) axis=2; // zaxis
}
}
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Example : Spinning Cube
e Iidlecallback :

static GLfloat thete[3] ={ 0.0, 0.0, 0.0 };

void spinCube(void) {
theta[axis] += 2.0;
If (theta]axis] > 360.0)
theta[axis] —= 360.0;
glutPostRedisplay();
}
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Example : Spinning Cube

 display callback

— rotate the cube, draw, and swap buffers

void display(void) {
glClear(GL_COLOR_BUFFER BIT | GL_DEPTH_BUFFER_BIT);
glLoadldentity();
gl Rotatef(theta[ O], 1.0, 0.0, 0.0);
glRotatef (theta[ 1], 0.0, 1.0, 0.0);
glRotatef (theta[ 2], 0.0, 0.0, 1.0);
colorcube();
glFlush();
glutSwapBuffers();

6/



4.10 Interfacesto 3D Applications



Simple Screen-based Approach

. . to0 many control parameters
— . trandate vector
— but, mouse button 2~ 3
. a poor interface ...
— screen Input pad
v=(a p)

/ X

y

LI ™




Virtual Trackball Approach

* Mouse drag
_____ virtual trackball
/) \\
/ \
/ \
II | \\
I 1
’. >
‘\ o __ | ,'
\ ,\
\ /
\ /
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Virtual Trackball Approach

e Vectorn 6

N=pP;xP>
sing| =|n|
— quaternion approach

dragging

dragging
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